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ABSTRACT
Aims. The orbital structure of galaxies is strongly influenced by the accuracy of the force calculation during orbit integration. We
explore the accuracy of force calculations for two expansion methods and determine which one is preferable for orbit integration.
Methods. We specifically compare two methods, one introduced by Hernquist & Ostriker (HO) (which uses a spherical coordinate
system and was built specifically for the Hernquist model), and the other by Vasiliev & Athanassoula (CylSP) with a cylindrical
coordinate system. Our comparisons include the Dehnen profile, its triaxial extension (of which the Hernquist profile is a special case)
and a multi-component system including a bar and disc density distributions for both analytical models and N-body realizations.
Results. For the generalized Dehnen density, the CylSP method is more accurate than the HO method for nearly all inner power-law
indices and shapes and at all radii. For N-body realizations of the Dehnen model, or snapshots of an N-body simulation, the CylSP
method is more accurate than the HO method in the central region for the oblate and prolate Hernquist profile if the particle number
is more than 5 × 105. For snapshots of the Hernquist models with spherical and triaxial shapes, the HO method is preferred. For the
Ferrers bar model, the force from the CylSP method is more accurate than the HO method. The required CPU time for the HO method
is significantly larger than that for the CylSP method in analytical models, but this is reversed if the input is particle positions from an
N-body simulation. From surface of section analyses, we find that the HO method creates more chaotic orbits than the CylSP method
in the bar model. This could be understood as due to a spurious peak in the central region when the force is calculated with the HO
expansion.
Conclusions. For an analytical model, the CylSP method with an inner cut radius Rmin = 0 of interpolation is preferred due to accuracy
and CPU time. For snapshots or N-body realizations not including a disc or a bar component, a detailed comparison between these
two methods is needed if a different density model other than the Dehnen model is used. For multi-component systems including a
disc and a bar, the CylSP method is preferable. Once the ClySP method is selected for the realization particles, an inner cut radius
Rmin = 0.1 is suggested.
Key words. Methods: analytical - Galaxy: general - Galaxy: kinematics and dynamics - Galaxy: formation
1. introduction
Stellar orbits and their families are the fundamental building
blocks for dynamics of galaxies. They are also critical for con-
structing dynamical models of galaxies using the Schwarzschild
method (e.g. Schwarzschild 1979; Rix et al. 1997; Thomas et al.
2004; van de Ven et al. 2006; van den Bosch et al. 2008; Wang
et al. 2008; Wu et al. 2009; Breddels et al. 2013; Wu et al. 2017;
Zhu et al. 2018; Magorrian 2019; Jin et al. 2019) or the made-to-
measure method (e.g. Syer & Tremaine 1996; de Lorenzi et al.
2007, 2009; Long & Mao 2012; Hunt et al. 2013; Long et al.
2013; Zhu et al. 2014; Long 2016; Portail et al. 2017; Bovy et al.
2018). Moreover, orbits can be used to explain tidal streams (e.g.
Price-Whelan et al. 2016; Pearson et al. 2017), the kinematics
in the Solar neighborhood (e.g. Dehnen & Binney 1998b; Fux
2001), the origin of hypervelocity stars (e.g. Zheng et al. 2014;
Kenyon et al. 2014; Erkal et al. 2019), the flow of gas in bars
(Athanassoula 1992a,b) and the formation and structure of bars,
including their boxy/peanut bulges (e.g. Patsis et al. 1997, 2002,
2003).
? wangyg@bao.ac.cn
The studies mentioned above often require orbit integrations.
For simple analytic potentials, the accuracy of orbit integration
is high. However, most of these models are not sufficiently real-
istic for galactic studies. In more realistic models, for example
for the bar in the Milky Way, the potential and force can not be
given directly in an analytical form, even for an analytic den-
sity profile. Therefore, methods for calculating the potential and
force are needed even for analytical models.
A direct way to obtain the orbit properties is using N-body
simulations. N-body simulations have successfully reproduced
many properties of galaxies, but it is difficult to control the accu-
racy of the force calculation in a simulation. The advantage of N-
body simulations is that the potential models are self-consistent,
therefore, the orbit properties can be studied in a frozen simu-
lation potential as long as it varies slowly. One accurate method
to calculate the force in such a potential is to sum the force con-
tribution for each particle, however, this method is not realis-
tic if the particle number is large. An alternative is to calculate
density-potential pairs using the basis-function expansion tech-
niques (e.g. Rojas-Niño et al. 2016). The Poisson’s equation
can be solved in spherical coordinates (e.g. Clutton-Brock 1973;
Hernquist & Ostriker 1992; Zhao 1996; Rahmati & Jalali 2009;
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Lowing et al. 2011; Lilley et al. 2018) or in cylindrical coordi-
nates (e.g. Clutton-Brock 1972; Kuijken & Dubinski 1995; Earn
1996; Dehnen & Binney 1998a; Cohl & Tohline 1999).
For each coordinate system, there are many different basis
functions. One such expansion technique was proposed by Hern-
quist & Ostriker 1992 (hereafter HO92). We will hereafter refer
to this method as the HO method. This method has been widely
used for galactic bars (e.g. Zhao 1996; Wang et al. 2012; Price-
Whelan et al. 2016; Pearson et al. 2017) and for N-body poten-
tials (e.g. Weinberg & Katz 2002; Bryan et al. 2012; Wang et al.
2013; Meiron et al. 2014; Zhu et al. 2017; Wang et al. 2019). For
the expansion in cylinder coordinates, Vasiliev & Athanassoula
(2015) have improved the speed and accuracy for the force cal-
culation by using a spline interpolation technique. We refer to
their method as the CylSP method.
Each of these expansion methods has its advantages and
disadvantages, and some recent studies already gave compar-
isons between the spherical-harmonic expansion method and the
CylSP method (Vasiliev & Athanassoula 2015; Vasiliev 2019).
There are many parameters in each method, and the accuracy of
each method depends on the values chosen for these parameters,
as well as on the density distribution and the particle number.
We will give here a more detailed comparison between the HO
and CylSP methods. The accuracy of the force calculation can
affect the orbit shape, and the resulting orbit families in the sys-
tems (e.g. Carpintero & Wachlin 2006). In this paper we will
also study how the expansion methods affect the orbit families.
The outline of the paper is as follows. In Section 2 we describe
the two expansion methods for the potential and accelerations.
In Section 3 we compare their accuracy for a triaxial extension
of the Dehnen models (Dehnen 1993). In Section 4 we present
our comparisons for a multi-component model which includes
a Ferrers bar. In Section 5 we present the summary and discus-
sions.
2. Potential and accelerations
Given a model density distribution, the potential can be calcu-
lated using Poisson’s equation. Then the accelerations of the
model can be obtained from the derivatives of the potential.
For complicated density distributions, the potential and density
can be expanded on a set of simple orthogonal basis-function in
spherical coordinates
ρ(r, θ, φ) =
lmax∑
l=0
l∑
m=0
nmax∑
n=0
AnlmρnlYlm(θ, φ), (1)
Φ(r, θ, φ) =
lmax∑
l=0
l∑
m=0
nmax∑
n=0
BnlmΦnlYlm(θ, φ), (2)
where n is the radial expansion parameter, and l and m are the
usual angular parameters. There are many basis functions and
different expansion formats in the spherical coordinates (e.g.
Clutton-Brock 1973; Hernquist & Ostriker 1992; Zhao 1996;
Weinberg 1999; Wang et al. 2012; Vasiliev 2013). Here we fo-
cus on the HO method. The potential and accelerations can be
written as Equations (3.13), (3.21), (3.22) and (3.23) in HO92,
respectively. In the HO method, the expansion coefficients are
determined by three-dimensional integrations (See Eq. 3.14 in
HO92). For a given system, the expansion coefficients are cal-
culated only once, and the potential and force in any arbitrary
position can be obtained using these coefficients.
For a nearly disc system, the density and potential pairs are
naturally expanded in cylindrical coordinates (R, z, φ). The den-
sity and potential can be represented by the Fourier series
ρ(R, z, φ) =
mmax∑
m=0
ρm(R, z) exp(imφ), (3)
Φ(R, z, φ) =
mmax∑
m=0
Φm(R, z) exp(imφ), (4)
and each term in the expansion is given by
ρm(R, z) =
1
2pi
∫ 2pi
0
dφρ(R, z, φ) exp(−imφ), (5)
Φm(R, z) = −G
∫ +∞
−∞
∫ ∞
0
dz′dR′2piR′ρm(R′, z′) Ξ. (6)
and
Ξ(R, z,R′, z′) =
∫ ∞
0
dkJm(kR)Jm(kR′ exp(−k
∣∣∣z − z′∣∣∣), (7)
where mmax is the truncated number of azimuthal Fourier har-
monic terms. For an axisymmetric model, only the m = 0 term is
needed, while mmax . 10 is enough for typical asymmetric mod-
els (Vasiliev 2019). Jm is mth−order Bessel function of the first
kind, and can be expressed analytically by the half-integer de-
gree Legendre function of the second kind Qm−1/2 (Gradshteyn
& Ryzhik 1965; Cohl & Tohline 1999; Holley-Bockelmann et al.
2005)
Ξ =
1
pi
√
RR′
Qm−1/2
(R2 + R′2 + (z − z′)2
2RR′
)
, if R,R′ > 0, (8)
Ξ = [R2 + R′2 + (z − z′)2]−1/2δm0, if R = 0 or R′ = 0. (9)
Equation 6 shows that we know that the potential can be obtained
by a two-dimensional integration, and this integration depends
on the (R, z) coordinates of the system. Therefore, the calcula-
tion will be time consuming if the input model is analytical. In
order to increase the speed for the calculations of potential and
forces, Vasiliev & Athanassoula (2015) improved this expansion
using a spline interpolation. Therefore, the potential and forces
can be obtained only in some fixed grids (NR×Nz) within a fixed
region R ∈ [Rmin,Rmax], z ∈ [zmin, zmax], and then the potential
and forces in any position can be derived by the spline interpo-
lation. There are two advantages using the spline interpolation.
First, the speed for the orbit integration can be improved by sev-
eral orders of magnitude. Second, the unphysical noise for the
force can be smoothed if the input model is a snapshot of an
N-body simulation.
3. Generalized Dehnen models
3.1. General
The density models we consider here are triaxial and their spher-
ical analogues were first discussed by Dehnen (1993). The den-
sity model is (Merritt & Fridman 1996)
ρ(m) =
(3 − γ)M
4abc
m−γ(1 + m)−(4−γ), 0 ≤ γ < 3, (10)
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with
m2 =
x2
a2
+
y2
b2
+
z2
c2
, a ≥ b ≥ c. (11)
In the above M is the total mass of the model and γ is the inner
density profile index. We refer to this kind of density distribu-
tion the generalized Dehnen models or simply as Dehnen mod-
els. Specifically, the γ = 1 case is the same as the Hernquist
(1990) model. The iso-density contours are ellipsoids with axis
ratios a:b:c. We adopt 4 combinations of a:b:c = 1:1:1, 1:1:0.2,
1:0.2:0.2 and 1:0.79:0.5, corresponding to spherical, oblate, pro-
late and triaxial models, respectively. Merritt & Fridman (1996)
analytically reduced the triple integrals of the potential and force
calculations to a single integral each. This is of course a consid-
erable improvement as the corresponding calculations are much
easier to do numerically and, moreover, much more accurate.
We will thus use them here labeling them as “true" values. For
a spherical model, the potential and forces have analytical ex-
pressions (See Equations 4 and 6 in Merritt & Fridman 1996).
We have checked the accuracy for the true values obtained us-
ing one-dimensional integrals relative to analytic values in the
spherical model, and found that they match each other within a
relative accuracy of 10−15 for model with γ = 1 and better than
10−8 for other γ’s. Notice that the x-axis is the major axis while
the z-axis is the minor axis. Henceforth, we use units such that
the total mass M, the major axis length a and the gravitational
constant G are unity.
3.2. Comparisons for analytic potentials
In Figure 1, we show the potential and accelerations of the Hern-
quist models for the true values and the results from the HO
method. It is seen that the HO method can approximate the po-
tential well for a spherical system. For oblate and prolate sys-
tems, the HO method does not provide accurate forces in the cen-
tral region. Naturally, larger values of nmax and lmax give more ac-
curate expansions than smaller ones for most models and in most
regions. For a spherical system, we find that large values of nmax
and lmax generate larger errors in the force along the minor axis
(az) in the central region than those using only the lower order
terms of coefficients. For the triaxial system also, if nmax = 16
and lmax = 12, the HO method can give accurate expansions.
In Figure 2, we show the potentials and accelerations of the
Hernquist models, comparing the true values and the results from
the CylSP method. Here we consider different values of Rmin in
this method. It is clear that this method can reproduce the poten-
tial well for spherical, oblate, prolate and triaxial systems. Forr
the forces from the CylSP method with Rmin = 0 can give accu-
rate values in all cases except for the acceleration along the long
axis (ax) in the central region (r < 0.1) for the prolate model.
For the forces from Rmin = 0.01 and Rmin = 0.1, obvious wiggles
appear in the central region (r < 0.1).
We also consider different values of mmax and NR, Nz forr the
CylSP method. It is noted that the difference between forces with
NR = 25 and NR = 40 is tiny, which is consistent with the results
in Vasiliev & Athanassoula (2015). For mmax > 4, the accuracy
of the force and potential is almost invariant even when mmax
is increased, but the necessary CPU time increases with mmax.
Therefore, we will adopt NR = 40 and mmax = 4 in the CylSP
method in this paper unless stated otherwise.
In Figure 3, we show the relative error in the potential and
forces for both the HO and CylSP methods for the analytical
Hernquist models. Note that the CylSP method is more accurate
than the HO method for nearly all cases, all shapes and all radial
ranges. Nevertheless, for the prolate models at large radii (r >
10), the forces from the HO method along the x- (major) and y-
axes (intermediate) are more accurate than those from the CylSP
method.
Figures 4 shows the relative errors in the potential and forces
for the models with different inner density profile index γ, us-
ing the HO method for the small radius r = 0.01. Notice that
the accuracy of the HO method depends on γ. In the spherical,
oblate, and triaxial systems, γ = 1 has, in general, a higher ac-
curacy than the other γ values, with the exception of the z com-
ponent of the force in the triaxial model. This is not surprising
since the HO method is designed for γ = 1. For models with
other γ, the HO method is not accurate for either the potential,
or the force, especially for a low number of expansion coeffi-
cients. The deviation from the exact values is 10% − 100% in
the force for modes with γ , 1. This deviation is due to the HO
method itself, and was also presented in HO92. For the Hern-
quist model, the accuracy for the spherical distribution is higher
than that for the prolate one. Note that there is a significant dif-
ference of the accuracy between γ = 1.9 and 2 for the triaxial
model with (nmax, lmax) = (16, 12) in the potential. These relative
errors depend on the accuracy of the true value and the HO re-
sults, and their accuracy depends on the density distribution of
the model; even two models with close γ’s may exhibit signifi-
cant difference. Moreover, we also tested the relative errors in the
force for the triaxial models with γ=1.9, 1.92, 1.94, 1.96 and 2
with (nmax, lmax) = (16, 12), and found that these errors between
two close γ’s can differ quite markedly.
Figures 5 shows the relative errors in the potential and forces
for the models with different γ, using the CylSP method for
r = 0.01. It is seen that the CylSP method can approximate the
potential and forces well with γ = [0, 2] if Rmin = 0.01 and
Rmin = 0. This shows that 0.01 and 0. are the appropriate values
for Rmin for our model I, while Rmin = 0.1 is not. Compared with
the accuracy from the HO method, the CylSP method performs
considerably better at r = 0.01, i.e. close to the center. In the
spherical and oblate models, we found that there is a significant
difference of the accuracy between γ = 1.9 and 2 for R = 0 and
0.1, while this difference is small for Rmin = 0.01. It is known
that forces from the CylSP method are obtained by the spline
interpolation, and that their values are strongly related to the po-
sitions of grids. Moreover, the grids are divided by Rmin, Rmax
and NR, and each grid cell has roughly the same mass (Vasiliev
2013). In other words, the grids depend on the mass distribu-
tion of the model. Therefore, even when Rmin, Rmax, NR are the
same for two different models, the grid positions can be quite
different. This is the reason why we find significant differences
in the forces for models γ = 1.9 and 2 between Rmin = 0.1 and
0. Futhermore, we have checked the relative errors in the forces
for the spherical and oblate models with γ=1.9, 1.92, 1.94, 1.96
and 2 with Rmin = 0.1 and 0, and found that these between two
close γ’s can also be different. Although both the HO and CylSP
methods have sudden jumps from models with γ = 1.9 to 2, the
amplitude of the jump can be much bigger for the HO method
than for the CylSP method. For the HO method it can reach of
the order of 100% for nmax = 6, lmax = 4. while in the CylSP
method it can go between 10−3 and 10−4, or, at the worst, be-
tween 10−3 and 10−2. Thus here also, the CylSP method is doing
much better than the HO method.
The left panels of Figures 6 show the relative error of the po-
tential and forces for prolate models with different c/a by using
the HO method for the small radius r = 0.01. We find that the
HO method can give a better estimation for the potential than
for the forces. For the latter, the HO method gives more accu-
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Fig. 1. Potential and forces for the Hernquist models. From left to right, the input density model is spherical, oblate, prolate and triaxial, respec-
tively. In each panel, the black line is the result for the model given by Merritt & Fridman (1996) . The red, blue and green lines are the results for
the HO method with (nmax, lmax)=(16,12), (12,12) and (6,4) , respectively. From top to bottom, the radius r is measured along the x−, x−, y− and
z− axes, respectively. The x-axis is the major axis and the z-axis is the minor axis of the density distribution.
rate values for larger values of c/a. The reason is that the model
becomes more spherical with an increasing c/a, and that a spher-
ical system has a higher accuracy than a prolate one as shown in
Figure 4.
The right panels of Figures 6 show the relative error of the
potential and forces for prolate models with different c/a by us-
ing the CylSP method for the small radius r = 0.01. It is found
that the CylSP method can give accurate values for both potential
and forces in the prolate model at r = 0.01 and the accuracy in-
crease with c/a in the potential, ax and ay. We can thus conclude
that the CylSP method is more accurate than the HO method at
r = 0.01.
3.3. Comparisons for particle realizations of generalized
Dehnen potentials
In order to study the accuracy of the two expansion methods
for particle realizations of given potentials, we use the inverse
function sampling method to generate the Dehnen models with
spherical, oblate, prolate and triaxial shapes and different parti-
cle numbers. Figure 7 shows the relative errors of the potential
and forces for the Hernquist models with different particle num-
bers using the HO method at radius r = 0.01. We randomly gen-
erate 40 samples with different particle numbers. The filled cir-
cles in Figure 7 are the mean value and the error bars are the stan-
dard error from these 40 samples. We also note that the error bar
size in each point is different. One possible reason is that there
is large Possion noise if the particle number is smaller than 106,
particularly in the central region. In the central region r ≤ 0.01,
the density is high but the total enclosed mass is low, resulting in
the Poisson noise due to the small number of particles sampled.
The second reason is that the error bar size is also depends on
the mean value of the deviation since we use a logarithmic scale
for the x-axis.
It is seen that the forces obtained from the HO method de-
viate from the true value less than 2% if Np ≥ 5 × 105, and
this deviation is nearly independent of the number of expansion
coefficients nmax and lmax. For the oblate model, the force devi-
ations for the HO method with (nmax, lmax)=(16,12) are smaller
than ∼ 9% and these deviations weakly depend on the particle
number. It is also noted that the forces along the z-axis with
(nmax, lmax)=(12,12) are more accurate than those with (nmax,
lmax)=(16,12). As shown in HO92, increasing the number of
expansion terms can improve the accuracy of the system as a
whole, the reconstructed acceleration with a higher number of
expansion coefficients can deviate more from the corresponding
exact values at the central region (HO92). This is one possible
reason why we find the results from a lower number of expan-
sion coefficients at r = 0.01 are more accurate than those from a
higher number of expansion coefficients. Another possible rea-
son is that there is large Poisson noise in the central region. The
prolate model has the largest force deviation of these four shapes.
These deviations are ∼ 20% for (nmax, lmax)=(16,12) and these
values are nearly constant along the particle numbers. The triax-
ial model is more accurate than the oblate and prolate models,
but less than the spherical one. The force deviations are ∼ 3%
for (nmax, lmax)=(12,12) at r = 0.01 and depend only weakly on
the particle number.
Figures 8 shows the relative errors of the potential and forces
for the Hernquist models with different particle numbers using
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Fig. 2. As in Figure 1, but now for the results of the CylSP method. In each panel, the red, blue, and green lines are the results of the CylSP
method with Rmin = 0.1, 0.01, and 0, respectively. The black line is the analytical result given by Merritt & Fridman (1996). Here Nz = NR = 40,
zmin = Rmin, and Rmax = zmax = 100, mmax = 4.
the CylSP method at radius r = 0.01. It is clear that the force ac-
curacy for Rmin = 0 is higher than that for Rmin=0.01 and 0.1 and
this accuracy increases with the particle number. This is because
the CylSP method uses the spline interpolation method, and the
accuracy from the interpolation is higher than that from the ex-
trapolation. A larger number of particles can reduce the Poisson
noise of the system and reproduce the density distribution of the
system better.
We see that the force accuracy for the CylSP method with
Rmin = 0 is equivalent to that of the HO method for the spherical
and triaxial models, and higher than the HO method in the oblate
and prolate models with Np ≥ 5 × 105. Compared to the analyt-
ical model, we can see that the advantages of the CylSP method
over the HO method are weakened for the particle samples, as
was also found by Vasiliev & Athanassoula (2015). The rea-
son is that, in the analytical models, the HO method expansion
coefficients are determined by a three-dimensional integration
while the expansion coefficients in the CylSP method are ob-
tained from a two-dimensional integration. For particle realiza-
tions, however, the integration is unnecessary for both methods
in calculating the expansion coefficients.
Figure 9 shows the dependence of the CPU time on the pa-
rameters of density index γ (top left), c/a (top right), particle
number Np (middle left), NR and mmax from the HO method with
nmax = 16, lmax = 12. It is seen that the CPU time for the HO
method varies with γ, weakly increase with c/a and increases
with particle number Np. From the bottom left panel of Figure 9,
we know that the CPU time is only related to the particle num-
ber, and independent of the model shape. This is natural because
the expansion coefficients in the HO method are the sum of a
function of the particle position (see Eq. 3.17 in Hernquist &
Ostriker 1992). We also find that the CPU time is almost propor-
tional to the number of the expansion coefficients, which can be
explained by Eq. (3.17) in HO92.
Figure 10 shows the dependence of the CPU time on the pa-
rameters of density index γ (top left), c/a (top right), particle
number Np (middle left), NR and mmax from the CylSP method.
It is seen that the CPU time from the CylSP method is inde-
pendent of γ, decreases with c/a and increases with Np, NR and
mmax. We also find that the CPU time for the oblate and spher-
ical models is significantly smaller than that in the prolate and
triaxial models. The reason is that only m = 0 terms are needed
for the disk system, and the spherical system can be taken as a
special disk system.
Compared with the HO method, the CPU time in CylSP is
1/10000 of the CPU time in the HO method if the input model is
an analytical density distribution. The reason is that the potential
and force in the HO method is from a three-dimensional integra-
tion (See Eq. 3.14 in Hernquist & Ostriker 1992), while there
is only a two-dimensional integration in the CylSP method. The
CPU time for one coefficient in the HO method is about 10 times
that in the CylSP method for the potential and force in all fixed
grids (NR × Nz) .
However, if the input model is an N-body snapshot the CPU
time from the CylSP method is significantly larger than that from
the HO method. For example, the CPU time for the CylSP is
45 times of that for the HO method for a spherical model with
106 particles, and this difference increases with particle number.
Since the spline interpolation method is adopted in CylSP, once
the potential and force in the fixed grids are calculated, the force
and potential in any position can be obtained from the values of
these fixed grids, which saves the CPU time in the subsequent
Article number, page 5 of 14
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Fig. 3. Relative error in the potential and forces for both the HO (red lines) and CylSP (blue lines) methods for the analytical Hernquist models.
For the HO method, (nmax, lmax)=(16,12). For the CylSP method, Rmin = 0, NR = 40, Nz = 40, zmin = 0, Rmax = zmax = 100.
Fig. 4. Relative errors of the potential and forces for models with different γ for r = 0.01. From the left to right, the input density model is
spherical, oblate, prolate and triaxial, respectively. The red, blue and green lines are the results for HO method with (nmax, lmax)=(16,12), (12,12)
and (6,4), respectively.
computations in the force and potential during the orbit integra-
tion. In other words, the advantage of the speed from the HO
method will gradually be lost with increasing orbit number.
4. A multi-component model with a Ferrers bar
Since nearly two-thirds of spiral galaxies in the Universe are
barred (e.g., Lee et al. 2012; Buta et al. 2010, 2015), it is impor-
tant to discuss the application of the different expansion meth-
ods to barred galaxies. Here we consider a fiducial barred galaxy
model, which consists of a Miyamoto (MN) disc (Miyamoto &
Nagai 1975), a Plummer halo (Plummer 1911) and a Ferrers bar
(Ferrers 1877). The parameters we used are those listed in Table
1 in Skokos et al. (2002) and, for reasons of continuity, we have
the same bar orientation, i.e. along the y axis. The potential and
force for this bar model can be obtained directly by following
the Appendix in Pfenniger (1984).
Article number, page 6 of 14
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Fig. 5. As in Figure 4, but for the CylSP method. The red, blue and green lines represent the results with Rmin = 0.1, 0.01 and 0, respectively.
Fig. 6. Relative error in potential and forces for both the HO (le f t) and
the CylSP methods ( right) for the the prolate models with different c/a
at r = 0.01. In the left panels, the red, blue and green lines are the re-
sults for the HO method with (nmax, lmax)=(16,12), (12,12) and (6,4),
respectively. In the right panels, the red, blue and green lines represent
the results in the CylSP method with Rmin = 0.1, 0.01 and 0, respec-
tively, From top to bottom, the radius r is along the x−, x−, y− and z−
axes, respectively.
Figure 11 shows the potential and forces for the bar models
using the HO method. The input model is an analytical model.
It is seen that the HO method can reconstruct the potential well,
except for the potential in the central region (r < 0.1) of the Fer-
rers bar and the MN disk. For the Plummer halo, the HO method
can give a good approximation if a large number of expansion
coefficients is used.
Figure 12 also shows the potential and forces for the models
using the HO method, but now the input is an N-body realization
of the model. It shows again that the HO method can give large
errors for the force in the central region, both for the Ferrers
bar and the MN disk. It is also noted that the potential of the
MN disk, as calculated by the HO method, deviates from the
true value significantly. One possible reason is that our input N-
body snapshot is sampled using the revised function method. We
have compared the density from the sampled particles with the
analytical model, the density at r < 1 has 5% deviation for the
sampled particles, as was also found by Vasiliev & Athanassoula
(2015).
Figure 13 shows the potential and forces for the analyti-
cal barred galaxy models using the CylSP method. Clearly, the
CylSP can reproduce well the potential and forces for the Fer-
rers bar, MN disk and the Plummer halo. There is one exception,
however, namely for the force along the y−axis. We note that the
form of the curve does not change, but the location of the maxi-
mum is about 15% shorter and the maximum itself is 11% lower,
consistent with what was found by Vasiliev & Athanassoula
(2015) We can, therefore, argue that the bar found by CylSP
is simply a somewhat different bar, which is somewhat shorter
and stronger than the true bar. This will not introduce qualitative
differences in the orbital structure, nor even major quantitative
ones, contrary to the errors of the HO method which introduce a
discontinuity in the center, that can have considerable effects on
the orbital structure, e.g. by introducing chaos. We also find that
the results from different Rmin are nearly same, the reason be-
ing that the potential and accelerations vary slowly in the central
region in these models.
Figure 14 shows the potential and forces for the barred
galaxy models by using the CylSP method. The input is the parti-
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Fig. 7. Relative errors of the potential and forces for the Hernquist models with different particle numbers at r = 0.01 when using the HO method.
In each panel, the red, blue and green lines are the results for HO method with (nmax, lmax)=(16,12), (12,12) and (6,4), respectively. The filled
circles are the mean value from 40 random samples, and the error bar is the standard error from these samples.
Fig. 8. As in Figure 7, but for the CylSP method. The red, blue and green lines represent the results in the CylSP method for Rmin = 0.1, 0.01 and
0, respectively.
cle realization with particle number Np = 106. Generally, we find
that the CylSP method is more accurate than the HO method, es-
pecially in the central region of the system. However, there are
some wiggles in the force distribution in the Ferrers bar and MN
disk and Plummer halo, and the results from Rmin = 0.01 and
Rmin = 0 give larger wiggles than those from Rmin = 0.1. These
wiggles will affect the orbit shape in the system, especially the
box orbits. To figure out the reason why these wiggles occur, we
increase the number of particles in the N-body model. As shown
in Figure 15, the wiggles become weaker and weaker with the in-
creasing particles and the wiggles vanish if the particle number
is 107.
For the Ferrers bar model, we have found that the CylSP
method is more accurate than the HO method along the radius
even when the expansion coefficient terms with nmax = 16,
lmax = 12 are adopted. The only disadvantage of the CylSP
method is the CPU time. As shown in Figure 16, the accuracy
for the HO method can be comparable to the CylSP method at
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Fig. 9. CPU time for the HO method with nmax = 16, lmax = 12. Top
left: Dependence of the CPU time on the density index γ for the analyt-
ical Dehnen model. Top right: Dependence of CPU time on c/a ratio for
the analytical Hernquist model. Bottom left: Dependence of CPU time
on the particle number of the Hernquist model realization. In the two
left panels, the red, blue, green and black lines are the results for the
spherical, oblate, prolate, and triaxial models, respectively. In the bot-
tom left panel, the blue, green and black lines are slightly shifted along
the x-axis.
large radii (r > 0.1) if nmax = 40, lmax = 40 are used. However,
the accuracy in the central region is not improved for the HO
method. The cost in CPU time in the HO method with parame-
ters nmax = 40, lmax = 40 is one-thirteenth of the CylSP method.
Since the accuracy of the forces from the HO and CylSP
methods is different, this will affect the accuracy of the orbit
integration, thus the orbit structure. One useful way to charac-
terize the orbit structure is the surface of section (SOS). In the
bar model, we follow Skokos et al. (2002) and take the y-axis as
the longest major axis. Therefore, we consider the intersection
of orbit with the plane y=0 and in particular those with vy > 0.
For each energy, we generate 25 initial conditions of orbits with
x , 0 and vy , 0.
Figure 17 shows the SOS for four Jacobi’s energies from the
analytical potential, the HO method and the CylSP method, re-
spectively. It is seen that the overall frameworks of the SOS at
each EJ from three methods are similar, but the difference in de-
tails is also obvious. Around the x1 orbit, more chaotic orbits
are generated from the HO method than from the true and CylSP
method. This can be due to HO numerical errors in the central
region, which we already discussed. This can introduce a dis-
continuity and therefore chaos. From Table 1, we know that the
stability of the x1 orbit at EJ = −0.37 and EJ = −0.35 show
considerable differences between the three methods.
5. Summary and discussions
The accuracy of the potential and force calculations directly af-
fects the orbit properties in a model. In this paper, we present
a detailed comparison of the Hernquist & Ostriker (1992, HO)
Fig. 10. CPU time for the CylSP method. Top left: Dependence of CPU
time on the density index of γ for the analytical Mode I. Top right:
Dependence of CPU time on the c/a ratio for the analytical Hernquist
model. Middle left: Dependence of CPU time on the particle number of
the Hernquist model realization. Middle right: Dependence of CPU time
on the parameter NR for an N-body realization of the Hernquist model
with Np = 106. Bottom left: Dependence of CPU time on the parameter
mmax for a snapshot of an N-body realization of the Hernquist model
with Np = 106. Except the top right panel, the blue and black lines are
slightly shifted to the right along the x-axis and the red, blue, green and
black lines are the results for the spherical, oblate, prolate, and triaxial
models, respectively.
method in the spherical coordinate system with the CylSP
method (Vasiliev & Athanassoula 2015), which uses the two-
dimensional spline interpolation for Fourier coefficients in the
cylindrical coordinate system . We have compared these two
methods for two kinds of density distributions, one has a Dehnen
profile (Dehnen 1993), generalized to non-spherical shapes (See
Equation 10). If the inner density power-law index γ is equal
to 1, this is the Hernquist model. The second kind of model we
consider is a multi-component galaxy model, which consists of
a Miyamoto disc, a Plummer halo and a Ferrers bar.
For the Hernquist model (with γ = 1), we find that the
CyLSP method is more accurate than the HO method, espe-
cially in the central region if the input model is an analytical
density distribution and a reasonable parameter set is chosen in
the CyLSP method. However, if the input density is an N-body
realization, we find that the force accuracy in the CylSP method
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Fig. 11. Potential and forces for the barred galaxy models and their individual components. From left to right, the input density model is the Ferrers
bar, the MN disk, the Plummer halo and the total, i.e. bar+disk+halo, respectively. In each panel, the black line is the results for the model given
by the analytical method directly. The red, blue and green lines are the results for the HO method with (nmax, lmax)=(16,12), (12,12) and (6,4),
respectively.
Fig. 12. As in Figure 11, the only difference is that the input is an N-body realization of our barred galaxy model. The total particle number for the
bar is 2 × 106. The particle numbers for the bar, disk and halo are 200000, 1640000 and 160000, respectively.
is more sensitive to the particle number than the HO method. The
force accuracy from the CylSP method at the central region is
equivalent to the HO method for the spherical and triaxial mod-
els, and higher than the HO method in the oblate and prolate
models only if the particle number is Np ≥ 5 × 105. If the parti-
cle number is smaller than 5× 105, the HO method is better than
the CylSP method for the spherical and triaxial models.
For the generalized Dehnen model with γ , 1, the force ac-
curacy from the HO method is lower than that for the Hernquist
model. The CylSP method is more accurate than the HO method
if the input density is the analytical Dehnen model. For the snap-
shot of an N-body realization, we have also checked the force
accuracy for these two methods at the central region. The advan-
tage of the CylSP method to the HO method is significant for
the oblate shape. For the more prolate Dehnen model, the CylSP
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Fig. 13. As in Figure 11, but for the CylSP method. The red, blue and green lines represent the result in the CylSP method with Rmin = 0.1, 0.01
and 0, respectively. Since the results from three Rmin are the same as the true values, only black lines can been seen in most panels.
Fig. 14. As in Figure 13, the only difference is that the input is an N-body realization of our barred galaxy model. The total number of particles is
2 × 106.
method is slightly accurate than the HO method. For the spher-
ical and triaxial models, the HO method is significantly better
than the CylSP method if the particle number is smaller than
5 × 105. However, for the spherical and triaxial Dehnen models,
the CylSP method is significantly more accurate than the HO
method if the particle number is 5 × 106.
For the multi-component galaxy model with a Ferrers bar,
MN disk and the Plummer halo, the HO method has a signif-
icant cusp in the bar central region, while the CylSP method
gives good results for both the analytical model and the N-body
realization. If we consider separately the bar component of this
N-body realization, the CylSP method can also generate some
wiggles in the central region for the force if a small Rmin is used,
but these wiggles vanish with increasing particle numbers. The
force error in the central region from the HO method can affect
the orbit structure significantly, especially for box orbits, which
approach very near the center, thus affecting the SOS. We find
more chaotic orbits if the HO method is used, and that the sta-
bility of the x1 orbits from these two methods may be different.
The effect on detailed orbit families and a frequency analysis
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Fig. 15. Potential and forces for the Ferrers bar with different redistribution numbers of particles. In each panel, the black line is the results for the
model given by the analytical method. The red, blue and green lines represent the result in the CylSP method with Rmin = 0.1, Rmin = 0.01 and
Rmin = 0, respectively. From left to right, the results for N-body realizations with particle number 2 × 105, 5 × 105, 106, and 107, respectively.
Table 1. Four Jacobi energies EJ in the bar potential. Row (1): The
name of three methods. Row (2): The position of the Lagrangian points
L1,2. Row (3): The Jacobi energy at L1,2. Rows: (4)-(7) The stability
of the x1 orbit at these Jacobi’s energies. Rows: (8)-(11): The ratio of
EJ/EJ , L1,2.
true HO CylSP
L1,2 ±6.04405 ±6.21021 ±6.20930
EJ,L1,2 -0.19547 -0.20374 -0.20390
EJ,1 = −0.41 stable stable stable
EJ,2 = −0.39 stable stable stable
EJ,3 = −0.37 stable stable unstable
EJ,4 = −0.35 unstable stable stable
EJ,1/EJ,L1,2 2.09751 2.01235 2.010819
EJ,2/EJ,L1,2 1.99519 1.91419 1.91273
EJ,3/EJ,L1,2 1.89287 1.81602 1.81464
EJ,4/EJ,L1,2 1.79055 1.71786 1.71655
of orbits from these two methods will be considered in a future
study.
The CPU time for the HO method is significantly larger than
that for the CylSP method if the input model is an analytical
(Dehnen) density distribution, while the situation is reversed if
the input model is a snapshot of an N-body realization of the
Dehnen model. By considering both the CPU time and force ac-
curacy, the CylSP method with Rmin = 0 is preferred. For models
with snapshots of an N-body simulation, if the model is spher-
ical or nearly spherical Hernquist models, the HO method can
be used. For a multi-component model for a barred galaxy, as
expected, the CylSP method works better. A detailed compar-
ison between these two methods for the particle realization is
still needed if a density model other than the Dehnen model is
used. If the CylSP method is selected for snapshots of an N-body
simulation, a relatively large Rmin (Rmin = 0.1) is suggested.
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Fig. 17. Surfaces of section (SOS) for the bar model. The left column
gives results for the analytic potential. For the middle and right ones we
used a 2× 106 particles realization of the corresponding density and the
HO (middle) and the CylSP (right) methods, respectively. From top to
bottom, the rows corresponds to EJ = −0.41, -0.39, -0.37 and, -0.35,
respectively. The red filled circle in each panel is the position of the x1
orbit.
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